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The temperature distribution is found in an incompressible still liquid of known mass cover- 

ing a horizontal solid surface at constant temperature. The exact layer thickness and the 

total heat content are determined. A stability condition is derived for the liquid equilibrium. 

We consider a liquid layer of known mass on a solid horizontal surface whose temperature, like that 

of the external medium at the free surface of the liquid, is constant and also known. For a still liquid, we 
have the system of equations 

h 

- -  = = r n .  ( 1 )  

dz v 
0 

At c o n s t a n t  t h e r m a l  conduc t iv i ty ,  the l iquid  t e m p e r a t u r e  is a l i n e a r  func t ion  of the coord ina te  t = t I + az.  Its 
p a r a m e t e r s  and h a r e  to be d e t e r m i n e d .  

Analogous  p r o b l e m s  have been  d i s c u s s e d  for  a l iquid  l a y e r  c o v e r i n g  a g r a v i t a t i n g  sphe re  [1] and on 
the ins ide  of a r o t a t i ng  c y l i n d e r  [2]. 

If the ~i a r e  a s s u m e d  cons t an t ,  the bounda ry  condi t ions  on the t e m p e r a t u r e  y ie ld  

a = y ( t l - - t ,  O, t l + l S x = O .  (2) 

In p a r t i c u l a r ,  we have t = te2 when a 1 = 0, t = tel  when ce z = 0, and t = t e when At e = 0; we a s s u m e  below that 
these  c a s e s  a r e  exc luded .  C o r r e s p o n d i n g  to these  c a s e s  we have 

rain (tel, te2 ) < t, 0 < max (t~l, te2), sgn a = sgn A t e. 

We restrict the discussion to an incompressible liquid with a constant coefficient of thermal expansion: 

v = Vo exp (8 t), Vo = coast. (3) 

A f t e r  t I and a a r e  e l i m i n a t e d  with the help of (2), the i n t eg ra l  r e l a t i o n  in (1) be c ome s  

[1 - -  exp ( - -  u)] exp (8 u) = b (e - -  u). (4) 

When ~2 = a l ,  we have 

At 8 = 0, we e a s i l y  find the f inal  so lu t ion :  

[3y Ate, h = h o  (b=[~Tho). (6) t l = t e l +  l ' ~ b  At" '  a = l  -4-b 

To find x, we m u s t  in  g e n e r a l  solve t r a n s c e n d e n t a l  equa t ion  (4), which has a s ingle  root  in the range  
0 < x / A t e  < 1. Al l  the unknown quan t i t i e s  a r e  found f r o m  x: 

t~ .= te~ + [J y, a = [~u y, h = x/([}y y). (7) 
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At e 
t e m p e r a t u r e  d i s t r ibu t ion  d i f fe ren t  f r om that obtained.  

The total  heat  content  of a l iquid co lumn with a base  of unit a r e a  is 

f __( V P/. 
, 5 exp u --1 j ' 
0 

The assumed equilibrium of the still liquid is stable when a > --gSt/c [3]; i.e., it is always stable if 

> 0, or it is stable when [ al < g6t2/c if &t e < 0. Otherwise, convection may occur, generally causing a 

(8) 

when 6 = 0, we have 

i = c m t t ~ +  (~ + b / 2 ) l ~ b  ] . (9) 

Le t  us c o n s i d e r  the ca se  of smal l  6 (t ~l << 1) s e p a r a t e l y .  Expanding the exponents  in (4) in s e r i e s  
and d i sca rd ing  power s  of u (] ul < l~])  g r e a t e r  than the second,  we find the quadra t ic  equat ion 

(p-- 1/2) u z + (1 --b) u - - b e  = O. (10) 

Its roo t s  a r e  r e a l .  The  root  which van i shes  along with Ate is 

x = [  1 + ~ ' - ~ 2  (l+b6b) ~ At~ ] l ~ b A t e "  (ii) 

We find from (7) that 

t , = t ~ , + [  1 + 2 

2 ] ~  e ~ A t ~ ;  

h hoO,,( 0)(1 + ) 
2 l + b  

(12) 

(13) 

When 5 = 0, Eqs .  (12) and (13) conve r t  into Eqs .  (6). 

v ,  c ,  ~., 6 

Og 

m , i  
Z 

t , a  
7 = ~i/X; 

= 1 - ~ ' =  

h 0 = mv0; 

N O T A T I O N  

are the specific volume, heat capacity, thermal conductivity, and coefficient of thermal ex- 

pansion, respectively, of the liquid; 
is the heat-exchange coefficient (the contact thermal conductivity [i, 2, 4]); 

are the mass and total heat content of a liquid column with a base of unit area; 

is the coordinate, equal to 0 at the solid surface and h at the free surface of the liquid; 

are the absolute temperature and temperature gradient, respectively; 

a2/ (a l  + ~2); 

Ate = t e2-tel; 
= 5At e ; 

x =t 2-t I = all; 
y = At e --x; 

u =SX; 

b = f iTh0exp (50). 

Subscripts 

e, i, 2 are the external medium, solid surface, and free surface of the liquid, respectively. 
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